Abstract. Two elementary formulae for Mertens function M (n) are obtained. With these formulae, M (n) can be calculated directly and simply, which can be easily implemented by computer. M (1) ∼ M (2 × 10 7 ) are calculated one by one. Based on these 2 × 10 7 samples, some of the complicated properties for Mertens function M (n), its 16479 zeros, the 10043 local maximum/minimum between two neighbor zeros, and the relation with the cumulative sum of the squarefree integers, are understood numerically and empirically.
Introduction
The Mertens function M (n) is important in number theory, especially the calculation of this function when its argument is large. M (n) is defined as the cumulative sum of the Möbius function µ(k) for all positive integers n, Formula (6) shows M (n) is the sum of the number of points under n-dimensional hyperboloids. (7) M (n) = detR n×n where R is the Redheffer matrix. R = {r ij } is defined by r ij = 1 if j = 1 or i|j, and r ij = 0 otherwise.
However, none of the representations above results in practical algorithms for calculating the Mertens function. At present, many algorithms are based or partially based on sieving similar to those used in prime counting (eg., Kotnik and van de Lune, 2004; Kuznetsov, 2011; Hurst, 2016) . With the sieve algorithm, M (x) has been computed for all x ≤ 10 22 (Kuznetsov, 2011) . For the isolated values of Mertens function M (n), M (2 n ) has been computed for all positive integers n ≤ 73 with combinatorial algorithm (partially sieving) (Hurst, 2016) .
On the other hand, there are also some (recursive) formulae for Mertens function M (n) in the mathematical literature by which the practical algorithms for the M (n) can be obtained (eg., Neubauer, 1963; Dress, 1993; Benito and Varona 2008 ; and the references therein). For example, Benito and Varona (2008) present a two-parametric family of recursive formula as follows,
where n, r, and s are three integers such that s ≥ 0 and 6s
Here we introduce two new elementary formulae to calculate the M (n) which are not based on sieving. We calculate Mertens function from M (1) to M (2 × 10 7 ) with these formulae one by one, and study some properties of the M (n) numerically and empirically.
Two elementary formulae for Mertens function
In Wei (2016) , a definite recursive relation for Möbius function is introduced by two simple ways. One is from Möbius transform, and the other is from the submatrix of the Redheffer Matrix.
The recursive relation for Möbius function µ(k) is,
and µ(1) = 1. From formula (9), two elementary formulae for Mertens function M (n) can be obtained as follows,
With formula (10) or (11), M (n) can be calculated directly and the most complex operation is only the Mod. We calculated the Mertens function from M (1) to M (2 × 10 7 ) one by one. Some values of the M (n) are listed in Table 1 . Figure 1 shows the Mertens function M (n) to n = 5 × 10 5 , n = 1 × 10 6 , n = 1.5 × 10 7 , and n = 2 × 10 7 , respectively. It can be found the distribution of Mertens function M (n) is complicated. It oscillates up and down with increasing amplitude over n, but grows slowly in the positive or negative directions until it increases to a certain peak value. To investigate further the complicated properties of the M (n), a sequence composed of M (1) − M (5 × 10 5 ) is analyzed by the method of empirical mode decomposition (EMD) (Tan, 2016) . This sequence is decomposed into a sum of 19 empirical modes. Some models are shown in Figure 2 -3. It can be seen that the empirical modes are still complicated except 16th-19th modes. The fundamental mode (the last mode in Figure 3 ) is a simple parabola going downward. These empirical modes show further that the Mertens function M (n) has complicated behaviors.
It can be found that there is a different variation of the Mertens function M (n) with n in a log-log space. Figure 4 shows the absolute value of the Mertens function |M (n)| to n = 2 × 10 7 in such a space. It can be found |M (n)| still oscillates but increases generally with n. It seems that the outermost values of |M (n)| increase almost linearly with n, but they are less than those from √ n.
It seems from Figure 1 and 4 to the M (n) has some fractal properties. We check this by estimating M (n)'s power spectral density (PSD). We calculate the PSD for M (n) sequence from M (1) to M (2 × 10 7 ) by taking n as time. The result is shown in Figure 5 . It can be found that the logarithmic PSD of M (n) has a linear decreasing trend with increasing logarithmic frequency, which does indicate that M (n) has some fractal properties. However, the Möbius function µ(n), which is taken as an independent random sequence in Wei (2016) , has no such properties. Its cumulative sum, M (n) reduces partly the randomness. 16479 zeros among these 2 × 10 7 values of the M (n), which are shown in the top subfigure of the Figure 6 . It can be seen that the zeros are uneven in our computational domain.
Zeros are denser from 1 to 4 × 10 6 , and at ∼ 8 × 10 6 . The bottom subfigure of the Figure 6 shows the comparison of the zeros of the Mertens function M (n) and those of the Möbius function µ(n) in our computational domain. One can see that the (7841425) zeros of the µ(n) are much denser than those of the M (n).
♥ ✦ 3.3. The local maximum/minimum of the Mertens function M (n) between two neighbor zeros. Another important property for the Mertens function M (n) is the local maximum/minimum of the M (n) between two neighbor zeros. Here the "local" means that the sequence of M (n) must have three values at least including the neighbor zeros. Figure 7 shows the variation of such 10043 local maximum/minimum of |M (n)| (5040 positive values and 5003 minus values) from M (1) to M (2 × 10 7 ) with n. One can see that the logarithms of the these local maximum/minimum have the similar properties to log(|M (n)|) vs. log(n) in Figure 4 . It should be pointed out that the local maximum/minimum here is counted only once when duplicate or more n have the same local maximum/minimum between two neighbor zeros.
The maximum of these 2 × 10 7 M (n)s is 1240 when n = 10195458, 10195467, 10195468, 10195522; And the minimum is −1447 when n = 12875814, 12875815, 12875816, 12875818. 4. Discussions 4.1. The calculation of M (n) with the relation (10) or (11). In theory, we can calculate M (n) for any large n with the relation (10) or (11) obtained in section 2. The algorithm is not complicated and can be implemented easily, even by hand. The most operation is only Mod. However, in order to calculate M (n) with the relation (10), it demands µ(2), µ(3), . . . µ(n − 1) firstly, or M (1), M (2), . . . , M (n − 1) if the relation (11) is used. Above all, we have to recalculate l km or l nm firstly when k or n changes. It will take a lot of calculation time, especially when n is large. It took about 78326s to get µ(5500000). It can be also found that the relation here is not efficient for the isolated M (n). In this paper, we only calculate the values of M (n) from M (1) to M(2 × 10 7 ) because of the limitation of our desktop computer and computing time. To obtain more numerical results of M (n) with large n, both the faster and/or optimization algorithm for the relation (10) or (11) here, or other professional and efficient algorithms, are required.
4.2.
Upper bound of M (n) sequence. In Wei (2016) , the upper bound of M (n) sequence is discussed based on the assumption that µ(n) is an independent random sequence, because of the numerical consistency between empirical statistical quantities for only 2 × 10 7 µ(n) and those from number theory. The following inequality (12) for M (n) holds with a probability of 1 − α,
where,
or, the following inequality (14) holds with a probability p > 1 − α 
with n from n = 1 to n = 2 × 10 7 . Bottom: Variation of
with n from n = 1 to n = 2 × 10 7 . The red line in each subfigure is 6 π 2 .
Here without taking µ(n) as an independent random sequence, we conjecture that the upper bound of the M (n) should have a similar formula to (12) or (14) but the coefficient before √ n will be very large from some facts as the follows:
Fact 1. According to Hardy and Wright (2008) , we have,
For a large n, from (15) we have,
where A is a constant. Then,
According to (16), |M (n)| = o(n). We have,
where A 1 < A is another constant for a large n. Further,
Comparing (20) and (17), one can get,
where C is constant for a large n.
Fact 2. According to Hardy and Wright (2008) , among the squarefree numbers those for which µ(n) = 1 and those for which µ(n) = −1 occur with about the same frequency for
where n e is squarefree with even number of distinct prime factors, n o with odd number of distinct prime factors.
Thus, we have,
where 0 < A 2 < A 1 are two different constants for a large n. Because those for which µ(n) = 1 and those for which µ(n) = −1 occur with about the same frequency among the squarefree numbers, n e = n o = n ′ for a large n. And from (24) and (25), we have,
where C is a constant for a large n.
Fact 3. From (15) and (16), (22) and (23), when n is large, the following should be true:
The variations of
with n from n = 1 to n = 2 × 10 7 are shown in Figure 8 , respectively. It can be found, with increasing n, the values above are close to the constant 6 π 2 . The absolute error for 
Conclusions
Based on the results and discussion above, some conclusions can be drawn as follows, (1) Two elementary formulae for the Mertens function M (n) are obtained, based on the definite recursive relation for Möbius function introduced in Wei (2016) . With these formulae, M (n) can be calculated directly and simply. The most complex operation is only the Mod. However, in the calculation both the efficient and/or optimization algorithm for this relation are required when n is large.
(2) With this relation, M (1) ∼ M (2 × 10 7 ) are calculated one by one. Numerical results show that Mertens function M (n) have complicated properties. The sequence of M (1) ∼ M (2×10 7 ) has 19 empirical modes, 16479 zeros, 10043 local maximums/minimums between two neighbor zeros, a maximum of 1240, and a minimum of -1447.
(3) We also calculated the variation of |µ(n)| n − |M (n)| n and |µ(n)| n − M (n) n from n = 1 to n = 2 × 10 7 , respectively. Numerical results show that these values are close to the constant
